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Abstract. Let p be a rational prime and let K be a finite extension of Q p . Let L be 
a finite Galois extension extension of K and let G = Gal(L/K). We say that L/K is 
weakly ramified if and only if its second ramification group is trivial. Let Ol be the 
valuation ring of L and let be its maximal ideal. We show that if L/K is weakly 
ramified then is free over the group ring Ok [G], and from this we deduce that if 
L/K is wildly and weakly ramified then Ol is free over its associated order in the group 
algebra -K"[G]. 

I. Introduction 

Let p be a rational prime and let K be a finite extension of Q p with valuation ring 
Ok- Let L be a finite Galois extension extension of K and let G = Gal(L/K). Let Ol 
be the valuation ring of L and let ^l be its maximal ideal. We shall be concerned with 
the structure of both over the group ring C^[G7] and of Ol over its associated order 

Al/k = {xe K[G) | xO L C O l }. 

We recall that the ramification groups of L/K (in the lower numbering) are the groups 

d = {a e G | (a - 1){O l ) C for i > -1. 

Thus L/K is unramified if and only if Go is trivial and is tamely ramified if and only if 
G\ is trivial. We say that L/K is weakly ramified if and only if G2 is trivial. 

It is well-known that Al/k coincides with the group ring 0^[G] precisely when L/K 
is tamely ramified, and that in this case Ol is free as a module over O k [G] (for a proof of 
the second assertion see |Kaw86j ). Furthermore, if L/K is tamely ramified then |U1170t 
Theorem 1] shows that every fractional ideal of Ol is free as a module over 0k[67]. In 
the case that L/K is totally and weakly ramified, |U1170t Theorem 2] shows that is 
free over 0^[G7]; from this it is straightforward to deduce that Ol is free over Al/k and 
that Al/k = Ok[G] [ir K Ttq] where tik is any prime element of K and Tr^ = Y1i T &g t - ^ 
L/K is abelian and weakly ramified (but not necessarily totally ramified), then |Byo99 
Theorem 5] shows that Ol is free over Al/k and that Al/k = Cat^K^I^Go]- m "the 
present article, we generalise these results as follows. 

Theorem 1.1. Let p be a rational prime and let K be a finite extension ofQ p . Let L/K 
be a finite Galois extension that is weakly ramified and let G = Gal(L/K). Then there 
exists e G ^lX^l suc ^ ^at e is a free generator of^L over Ok[G]. 
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Corollary 1.2. Assume the situation and notation of Theorem \1.1 Let tck be any 

prime element of K and let Trc — YlreG 7 '■ If -L/K is wildly and weakly ramified then 
Al/k = Ci^t^t^^TrGo] and e is a free generator of Ol over Al/k- 

2. Ingredients 

In this section we review several results that form the 'ingredients' of the proof of the 
main results of the present article. By a 'local field' we mean a complete field under a 
discrete valuation with a finite residue field. 

2.1. Totally and weakly ramified p-extensions. 

Proposition 2.1. Let p be a rational prime and let K be a finite extension of Q p . Let 
L/K be a totally and weakly ramified finite p-extension and let G = Gal(L/K). Then 
any prime element kl of L is a free generator of^L over Ok[G}. 

Remark 2.2. The hypotheses force G to be an elementary abelian p-group. 



Proof. This result is proven in |Vos81[ Proposition 2]. Alternatively: by |Byo99 Corollary 



4.3] any prime element til in L is a free generator of Ol over 0# [G][7r^- Tr^] where Tr^ 
^2reG T ' an d from this [Vin05t Proposition 2.4] shows that any ttl is a free generator of 
over C^-[G]. Note that under the more general hypothesis that L/K is totally and 
weakly ramified (but not necessarily a p-extension), |U1170t Theorem 2] shows that ^l is 
free over C^[G], though a generator is not specified. □ 

2.2. Totally and tamely ramified extensions. 

Lemma 2.3. Let L/K be a totally and tamely ramified extension of local fields of degree e. 
Then there exist prime elements ttl and ttk in L and K respectively such that tt l = ttk- 

Proof. See |Lan94l Chapter 2, Proposition 12], for example. □ 

Proposition 2.4. Let L/K be a totally and tamely ramified Galois extension of local 



fields of degree e and let G = Gal(L/K). Let ttl be as in Lemma 2.3 and let 



a = l + n L + ■■■ + n e L \ 

If I = *#" L is any fractional ideal of Ol then ir^a is a free generator of I over Ok[G]. 

Proof. As noted in |Ere91 , §7.1]: the straightforward determinant calculation given in 
|Kaw86] shows that a is a free generator of Ol over C^[G], and from this the desired 
result follows. □ 

Remark 2.5. For any choice of u , . . . , w e _i G O^-, we can in fact take a = X^=o u i 7T L- 

2.3. Unramified extensions. 

Proposition 2.6. Let L/K be a finite unramified extension of local fields and let G = 
Gal(L/K). Then there exists (3 e Ol such that (3 is a free generator of Ol over Ok[G]. 

Proof. This is standard (see |Kaw86] . for example), but we give a proof as it is short. 
Let L and K be the residue fields of L and K, respectively. As L/K is unramified, 
G identifies with Gal(L/ K). By the Normal Basis Theorem, there exists G L such 
that L = K[G] ■ p. Let (5 be any lift of j3 to Ol- Then a straightforward application 
of Nakayama's Lemma gives Ol = Qk[G] ■ (3. Thus the map 0_^[G] — > Ol given by 
x t— > x ■ (3 is surjective and a rank argument shows that it is also injective. □ 
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2.4. A splitting lemma. 

Lemma 2.7. Let L/K be a finite Galois extension of local fields. Let K'/K be the 
unique unramified extension of degree [L : K\. Let V = LK' . Then L' /K is Galois. Let 
G = Gal(L' / K) . Then Gq = Gal(L' / K') is the inertia subgroup of G, and G decomposes 
as a semi-direct product G = Go x Hq for some cyclic subgroup Hq of G. 

Proof. The proof given here is an adaptation of that of |Let98[ Lemma 1]. Since L/K and 
K'/K are both Galois, so is L'/K. By considering ramification degrees, it is straightfor- 
ward to check that Gal(L' / K') is the inertia subgroup of Gal(L' / K). Consider the exact 
sequence 

1 — > Gal(L'/K') — ► G&L(L'/K) -A Gal(K'/K) 1. 

Let a G Gal(K'/K) be the Frobenius element (or indeed any generator of this cyclic 
group) and take any r G Gdl(L'/K) with p(r) = a. Let d = [L : K] = [K' : K\. Then 
r d is the identity on both L and K', so we have r d = idjy. Therefore tp : Gdl(K' / K) — > 
Gal(L'/K), defined by <p{cr) = t, is a splitting homomorphism for the above exact se- 
quence. Hence we may take H = (p(Gai(K' / K)). □ 



3. Totally and weakly ramified extensions 

Let p be a rational prime and let M be a finite extension of Q p . Let L/M be a 
totally and weakly ramified finite Galois extension and let Gq = Gal (L/M). Since G2 
is trivial, Gi is an elementary abelian p-group. Furthermore, Go decomposes as a semi- 
direct product C7 = G\ X H\ for some cyclic subgroup Hi of C7 - Let E = L Gl and 
F = L Hl be the subfields of L fixed by G\ and Hi, respectively. Note that the choice 
of Hi (and hence of F) is not necessarily unique and that the order of Hi is prime to p. 
We identify Gal(E/M) with Hi = Gal(L/F) via the restriction map Hi -> Gal(E/K), 
7 ^ i\e- The situation is represented by the following field diagram. 

L 

E F 

M 

Both L/E and F/M are are totally and wildly ramified p-extensions and both L/F and 
E/M are totally and tamely ramified. Note that F/M need not be Galois. 

Define r by p r = [L : E] = [F : M] and let s = [L : F] = [E : M]. Since E/M is 



totally and tamely ramified, by Lemma 2.3 there exist prime elements tie and ttm of E 



and M respectively such that tt s e = ttm- By Bezout's Theorem, there exist integers a, b 
such that ap r + bs = 1. Let 7rp be any prime element of F . 



s-l 



Proposition 3.1. We have = Om[Gq] • (7r£.7i£a) w/iere a = 1 + n E + ■ ■ ■ + tt s e 

Proof. Write Gi = {rj} and Hi = {o~j}. Since L/M is weakly ramified, it follows directly 
from the definition of the ramification groups that L/E is also weakly ramified. Hence by 



Proposition 2.1 any any prime element ttl in L is a basis of over OjjfGi]. However, 



if vl is the normalised valuation on L then we have Vl(^f^e) = bs + ap r = 1, and so in 



particular we may take txl = t^f^Ie- Furthermore, by Proposition 2.4 we have that ii E a 
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is a free generator of the fractional ideal tt e O e over Om[H\\. Therefore we have 
= E [Gi\ ■ (7r b F 7r a E ) = @Ti(ir b F Tr a E )0 E 

i 

= r i {7r F ){7r a E E ) since n E G E = L Gl 

i 

= ®<Jf){Pm[Hx) ■ tt» = 0r,(4) Q}a 3 (n E a)0 M 

i i j 

= 00^(4KK«)<?m 

» j 

= 00 W^K-frlaOfljtf since tc e E F = L Hl 

* j 

= 00 W 7l f0 7 *< 7 i( 7r l c O M since ^(vr^a) EE— L Gl 

* j 

= 00 Wtt^^m = C? A/ [G ] ■ (ttJ^q). □ 



4. Split weakly ramified extensions 

Let p be a rational prime and let if be a finite extension of Q p . Let L/iC be a 
weakly ramified finite Galois extension and let G = Gdl{L/K). Suppose that G = G_i 
decomposes as a semi-direct product G = Go x Hq for some subgroup Hq of G, where ifo 
is necessarily cyclic. Let M = L Go be the inertia subfield and let N = L H °. Note that 
the choice of Hq (and hence of N) is not necessarily unique. We identify Gal(M / K) with 
H = Gal(L/N) via the restriction map H — > Gal(M / K) , 7 h-> 7|m- The extension L/M 
'decomposes' exactly as in £j3] and we henceforth assume all the notation used therein. 
The situation is represented by the following pair of field diagrams. 



Go 

M 

Ho 



Ho 

S N 



K 



Gi 

E^ 

Hi 



L 



Hi 



M 



We combine these into the following field diagram. 



Ef]N 




Here we have identified H with the Galois group of the relevant extension as above, and 
unmarked extensions are not necessarily Galois. 

We now choose elements in the various intermediate fields, from which we will construct 
a free generator of over C^fG]. Since F/F n N is unramified, we may choose tt e to 
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be a prime element of F R N. As E D N/K is totally and tamely ramified, by Lemma 2.3 



there exist prime elements ttehn and ir K such that ir EnN = ttr-. Since both E/Ef] N and 
M/K are unramified, we may take tt e = t^ehn an d t^m — ^k- Therefore all the chosen 
prime elements belong to N. Finally, since M/K is unramified, by Proposition 2.6 there 
exists (3 G O m such that O m = O K [H ] ■ (3. 

Proposition 4.1. We have = O k [G] ■ (7r^7r^a^) where a — 1 + ir E H h vr^" 1 . 



Proof. Let 7 = n F n E a. Then by Proposition 3.1 we have = C M [G ] • 7. A key point 
is that 7 belongs to N since all the primes elements above were chosen to be in N. Write 
Go = and H$ = {o~j}. Then we have 

y L = Om[G ] ■ 7 = 0^(7)^/ = 0r i ( 7 )(^[F o ] • P) 

i i 

= S ^(7) <*mOK = 00 Ttf)<T S {fi)0 K 
i j i 3 

= 00 WjWpMOk since 7 e N = L H ° 

» j 

= 00 na^na^OK since a s {p) G M = L G ° 

i j 

= 00^(7^ f ( = O k [G] ■ ( 7 /3). □ 

* j 

5. Proofs of Theorem 11.11 and Corollary 11.21 

Proof of Theorem \l.l\ Let K'/K be the unique unramified extension of degree [L : K], 
and set V = LK'. Since L'/L is unramified, |Byo99 Proposition 4.4] implies that L'/K 
is weakly ramified. Now Lemma 2.7 shows that L'/K is of the form considered in ^4j 
Hence by Proposition 4.1 there exists an e' G Ol> such that = Ok[Gs1(L' / K)] ■ e' . 
As L'/L is unramified, [F T931 Corollary to Theorem 26] shows that T^l'/l^l') = 
Thus we obtain 

<Pl = Tr L , /L (0 K [Gal(L'/K)} ■ e') = K [Gal(L'/K)] ■ Tr L , /L (e') = O k [G] ■ Tr L , /L (e'). 

Hence the map 0rt[Ct] — > ^l given by x h- > x ■ Ti L i/ L {e') is surjective and a rank 
argument shows that it is also injective. Therefore we may take e = Tr £//£,(£'). It is 
straightforward to see that we must have e G *PlVP1- □ 

Proof of Corollary 1.2. Let F = L G ° be the inertia subfield of L. Since L/F is wildly 
ramified, we have Ti L / f{Ol) C typ by |FT93[ Theorem 26 (b)]. Since F/K is unramified, 
we hence have 7r^- Ttl/f{Ol) Q = Of- Therefore (^[G^Tr^TrG,,] Q Al/k- 

Suppose that there exists e G Ol such that ^l = Ok[G] ■ e. Then we have 

O K [G][7r^Tr G0 ] ■ e C A l /k -eCO L . 

Considering generalised module indices (see |FT93| II. 4] for background), we have 

[O l : y L ]o K = [Of : Vf]o x = ^ = [0*[G][7r^Tr Go ] : O k [G]) 0k 

= [O^G^Ttg,] ■ e : O k [G] ■ e\ 0k = [O^G^Tr^] • e : ^ L ]o K - 

Therefore we have (^[G^tt^Ttg,,] ■ e = Ol- Hence the map Ok[G] [tt^Ttgo] — > Ol 
given by x t— > x ■ e is surjective and a rank argument shows that it is also injective. Thus 
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e is a free generator of Ol over [vr^TrG-J and so it follows that 

A l ,k = O k [G][it] 



r^Tr 



Go J 



□ 



Remark 5.1. Let L/K be any finite tamely ramified Galois extension of local fields and 
let G = Gal(L/K). The results of Propositions 2.4 and 2.6 and Lemma 2.7 can be 



combined in a similar way to the proofs of Theorem 1.1 and Proposition 4.1 



to recover 

the well-known result that there exists e G Ol such that e is a free generator of Ol over 
in this case. This is essentially the approach taken in |Kaw86j . 
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